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(B. Skoczen´).Metastable, type FCC metals and alloys are often applied at extremely low temperatures because of their
excellent ductility over the whole temperature range practically down to the absolute zero. These mate-
rials (like stainless steels) are frequently characterised by the low stacking fault energy and undergo at
low temperatures the plastic strain induced transformation from the parent phase ‘‘c’’ to the secondary
phase ‘‘a0 ’’. The phase transformation process consists in creation of two-phase continuum, where the
parent phase coexists with the inclusions of secondary phase in thermodynamic equilibrium. The evolu-
tion of material micro-structure induces strain hardening related to interaction of dislocations with the
inclusions and to increase of equivalent tangent stiffness as a result of evolving proportions of both
phases, each characterised by different stiffness. The corresponding hardening model is based on
micromechanics and on the Hill concept (1965) supplemented by Mori and Tanaka (1973) homogenisa-
tion scheme. Identiﬁcation of parameters of the constitutive model has been carried out for 304L and
316L stainless steels, based on the available experimental data. The model has been used to describe
phase transformation in rectangular beams, circular rods and thin-walled shells subjected to cyclic loads
at cryogenic temperatures. Moreover, non-proportional loading paths were studied. A new feature of
structures made of metastable materials has been observed. As soon as the c  a0 phase transformation
begins, the evolution of material micro-structure accelerates the process of adaptation of structural
member to cyclic loads and enhances therefore its fatigue life when compared to classical elastic–plastic
structures.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Martensitic transformation consists in the alteration of the dis-
tance between neighbouring atoms and it manifests itself as a
change of crystallographic structure from face-centred-cubic c
parent phase to body-centred-cubic a0 product phase. The applied
stress or the plastic strain inﬂuence the free energy change,
which acts as the driving force and can cause the phase
transformation even above the martensite start temperature Ms.
The deformation-induced martensitic transformation can be
related to the TRIP (transformation-induced plasticity) effect,
resulting in the uniform, unrecoverable, macroscopic strain, which
occurs in some high-strength metastable austenitic steels.
Kinematically controlled plastic strain-induced martensitic
transformation may be used as a method of creating functionally
graded materials with ‘‘tailored’’ mechanical properties. The
functionally graded materials belong to the family of modern
engineering materials, that are characterised by graduallyll rights reserved.
ko), blazej.skoczen@pk.edu.plevolving micro-structure, composition, phase distribution, poros-
ity, etc. They are designed to obtain optimal spatial variation of
properties, adapted to the speciﬁc application. FGMs join advanta-
ges of composite and layered materials and eliminate such prob-
lems like material discontinuity as well as associated high stresses
and initiation of cracks and damage at the boundaries between
two constituents or two layers.
The FGMs can be easily obtained within the structural members
made of metastable austenitic stainless steels by loading them
above the yield point and inducing the c  a0 phase transformation.
It is possible to obtain various distributions of mechanical proper-
ties, generated by two-phase micro-structure of the material,
depending on the distribution of plastic strain ﬁelds as a function
of the shape of structure.
Many attempts have been made to correctly describe the strain-
induced martensitic transformation and related TRIP effects. Both
the kinetics of the transformation and the constitutive equations
describing material behaviour are constantly developed by using
different formulations (thermodynamic potentials, micromechani-
cal approach, effective properties, etc.). Application of numerical
methods, especially ﬁnite element method, offers an opportunity
to implement even more complex constitutive models, simulate
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with the experimental data in order to validate the models.
A theoretical basis of constitutive modelling of materials con-
taining inclusions was developed by Eshelby (1957), who pre-
sented a solution of the transformation and inhomogeneity
problems. The author investigated stress and strain ﬁelds related
to ellipsoidal inclusions dispersed in an inﬁnite homogeneous iso-
tropic elastic medium. The results obtained are of fundamental
meaning for all theories regarding modelling of two-phase
continuum.
Homogenisation schemes and numerical algorithms for two-
phase elastic–plastic materials were studied by Doghri and Ouaar
(2003). The tangent operators: elastic–plastic (or ‘‘continuum’’)
versus algorithmic (or ‘‘consistent’’) as well as anisotropic versus
isotropic, were considered. Comparison of various tangent stiffness
operators has been performed. Both Mori–Tanaka and double
inclusion homogenisation schemes were used together including
two plasticity models: classical J2 plasticity and Chaboche model
with non-linear kinematic and isotropic hardening. Improved ver-
sion of the formulation and tests with non-spherical inclusions
were presented by Doghri and Friebel (2005). Mean-ﬁeld homoge-
nisation of multiphase elastic–plastic materials reinforced with
non-spherical and non-uniformly distributed inclusions was ana-
lysed further by Doghri and Tinel (2005).
The effective mechanical response of elastic–plastic matrix
reinforced with homogeneously distributed elastic ellipsoids was
investigated by means of computational micromechanics and
homogenisation methods by Pierard et al. (2007). The authors per-
formed both ﬁnite element simulation of the representative vol-
ume element of microstructure and non-linear composite by
means of linearisation of the local behaviour, through the use of
the tangent or the secant stiffness tensors of the phases. The ﬁnite
element results were used as benchmarks to estimate the accuracy
of the prediction based on the homogenisation methods for com-
posites. The authors concluded that the best approximations of
the effective properties with respect to the reference numerical re-
sults were provided by the incremental and the second-order se-
cant methods, while the classical or ﬁrst-order secant approach
overestimated the composite ﬂow stress.2. Constitutive models comprising the strain-induced
martensitic transformation
The ﬁrst attempt to explain TRIP effect resulting from the phase
transformation was made by Greenwood and Johnson (1965). The
authors developed a phenomenological description of the stress–
strain relation taking into account the applied stress, TRIP strain
and the volume change during phase transformation.
The ﬁrst physically based description of kinetics of the plastic
strain-induced martensitic transformation was introduced by
Olson and Cohen (1975). The authors assumed that the strain-
induced nucleation of martensitic embryos appears on the shear-
band intersections and the increasing number of shear-band
intersections depends on the plastic strain in the austenite. Volume
fraction of martensite n was described as an exponential function
in the following form:
n ¼ 1 exp b 1 expðaÞ½ n  ð1Þ
where a represents the rate of shear-band formation, b is
proportional to the probability that the shear-bands intersection
will produce an embryo and n is a ﬁxed exponent which allows to
ﬁt numerically the obtained curve to the experimental data. Com-
parison of analytically-derived sigmoidal curves and experimental
results showed reasonably good agreement.The constitutive modelling of steels undergoing the plastic
strain-induced martensitic transformation started from the model
of Narutani et al. (1982), which aimed at estimating the plastic
ﬂow of steels including the phase transformation. The model com-
prised a static-hardening effect due to the presence of two phases
in the material and the inﬂuence of dynamic softening caused by
the martensitic transformation, which was treated as deformation
mechanism. A strain-corrected rule of mixture was implemented
in order to predict behaviour of two-phase material. Afterwards,
Stringfellow et al. (1992) developed a more complex model for
nonthermoelastic alloys which included the hardening effect of
the martensite platelets as well as softening effect of the transfor-
mation itself, presented as the transformation strain. A self consis-
tent method was used to describe the stress–strain relation. They
also extended the Olson–Cohen model of transformation kinetics
by indicating that under isothermal conditions, the volume frac-
tion of martensite is not only the function of plastic strain but also
the local stress state.
The model of Stringfellow et al. was generalised by Tomita and
Iwamoto (1995) in order to account for the experimentally
observed temperature and strain rate sensitivities of the strain-
induced martensitic transformation. It was noticed that the num-
ber of shear-band intersections increases together with the strain
rate and this dependence was included into the relation describing
phase transformation kinetics. The constitutive equations for the
stress rate in two-phase composite material was established by
introducing the plastic strain rate, composed of the sum of the
plastic strain rate introduced by slip deformation and by the trans-
formation. This model was later completed by Iwamoto et al.
(1998), who introduced deformation-mode-dependent transfor-
mation kinetics based on the traction and compression experimen-
tal results. The authors observed that the volume fraction of
martensite for compression is higher than for tension in the initial
stage of the deformation, and then the relation is reversed in the
high-strain region, what is also observed in the deformation mode
dependence of the stress–strain relation. Another constitutive
model was proposed by Fischer et al. (1998). The authors devel-
oped a constitutive description of transformation-induced plastic-
ity on the basis of the Gibbs free energy combined with the yield
condition and the transformation condition. Applying this, the
authors were able to obtain coupling of the plasticity and the phase
transformation in the derived ﬂow rule for the plastic strain rate
and the transformation kinetics. Micromechanical modelling of
transformation induced plasticity in steels by means of local tan-
gent approach was presented by Diani et al. (1995). The transfor-
mation kinetics was based on the local Bain strain rate of
martensite variants and their volume fractions. The model in-
volved complex coupling between plasticity caused by the thermo-
mechanical loading and from the internal stresses due to the
incompatible transformation strain. The model led to formulation
of simple equations describing incompressible isotropic two-phase
material. The model predicting the amount of a0-martensite cre-
ated during the strain-induced phase transformation under multi-
axial thermomechemical loading of TRIP steels was presented by
Diani and Parks (1998). They adapted the Olson–Cohen shear-band
concept to a mesoscopic scale in order to deﬁne the kinetics of the
deformation mechanism within the grain and build polycrystalline
numerical model to simulate different strain states. Levitas et al.
(1992) proposed a model based on the mesoscopic continuum
thermodynamics theory and the solution of the corresponding
boundary-value problem, which aimed at describing the experi-
mental results related to the nucleation at the shear-bands inter-
sections. The authors used multiplicative decomposition of the
total deformation gradient into small elastic, ﬁnite plastic and
transformation parts. The generalised Prandtl–Reuss
equations were extended to the case of large strains and phase
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in elastic–plastic polycrystalline materials together with the orien-
tation effect was developed by Fischer et al. (2000). Cherkaoui et al.
(1998) derived constitutive equations for an austenitic single crys-
tal undergoing transformation induced plasticity, from which the
overall behaviour of polycrystalline TRIP steels can be deduced
using classical scale transition method. As a next step, the new ap-
proach to constitutive modelling was proposed by Cherkaoui et al.
(2000). Based on the micromechanical analysis of martensitic
transformation, they considered formation of macrodomains with
moving boundaries together with conditions for the nucleation
and growth of martensitic platelets in the case of both homoge-
neous and heterogeneous plastic strains. It was assumed that the
stress and the strain ﬁelds are continuous in each phase but under-
go discontinuities across moving boundaries and Eshelby descrip-
tion of ellipsoidal inclusions was applied. The Helmholtz free
energy was used as a potential in order to describe the thermody-
namic state of two-phase material. Coupling between plasticity
and martensitic phase transformation at the grain level was con-
sidered and the constitutive equations of an austenitic single crys-
tal were derived, from which the overall behaviour of TRIP steels
was deduced by using the self-consistent algorithm. A new ap-
proach to kinetics of strain-induced martensitic transformation
and constitutive equations of steels undergoing the phase transfor-
mation, which takes into account the dependence on the austenitic
grain size, was proposed by Iwamoto and Tsuta (2000). The pro-
posed constitutive equations were implemented in the ﬁnite ele-
ment software and the deformation behaviour of a cylinder made
of 304 austenitic stainless steel has been simulated under different
environmental temperatures with various austenitic grain sizes.
The dependence of the mechanical properties on the austenitic
grain size was discussed. Further research of the inﬂuence of phase
transformation on the properties of austenitic stainless steels was
carried out by Lebedev and Kosarchuk (2000). The commercial
18Cr–10Ni austenitic stainless steel grades were studied. For one
of the steels, with lower Ni content, the plastic strain-induced
phase transformation occurred already at room temperature. A
detectable amount of a0 martensite was present for plastic strains
below 10%. The authors analyse the presence of the a0 martensite
and the hexagonal  martensite in the austenitic matrix. Three
types of loading were taken into account: tension, compression
and torsion. The authors indicate that the intensity of the phase
transformations depends strongly on the type of loading. Tension
causes more intense formation of the  phase than torsion or com-
pression. Both kinetics of c   and c  a0 phase transformations
were considered. The maximum of  phase fraction reached in
the tests was of the order of 8–9%, whereas for the a0 phase and un-
der torsion the maximum was close to 100%. The effect of phase
transformation on the strain hardening of Cr–Ni stainless steels
was discussed. Three characteristic stages of the strain hardening
process were distinguished in the curves of micro-hardness against
plastic strain intensity:
 Rapid increase due to hardening of the austenite and formation
of  martensite (stage I).
 Decrease of the strain hardening rate: no more increase of the 
martensite and formation of small quantities of phase a0 (stage
II).
 Strong hardening of the steel due to intensive c  a0 phase
transformation (stage III).
Finally, the authors indicate that with the increase of the stress
triaxiality parameter and decrease of the Lode parameter the c  a0
phase transformation signiﬁcantly intensiﬁes. Thus, the Lode
parameter turns out to be of fundamental importance for the mar-
tensitic transformation at low temperatures. Tomita and Iwamoto(2001) proposed a constitutive model that includes the effect of
temperature, strain rate and applied stress in modelling of strain-
induced martensitic transformation. The authors implemented
the set of constitutive equations of material undergoing martens-
itic transformation in a ﬁnite element code which was used to sim-
ulate deformation behaviour including tension, compression and
shear in 304 stainless steel under different environmental temper-
atures (from 77 to 353 K). Computation of the cyclic deformation
response of steel bars with ringed notches was additionally per-
formed. Another numerical microstructure-based model describ-
ing the strain-induced martensitic transformation in metastable
austenitic steel was presented by Han et al. (2004). The computa-
tional model was based on the assumption that the martensitic
transformation kinetics was modelled as a nucleation-controlled
phenomenon by a function of the interaction energy between
externally applied stress state and lattice deformation and the in-
crease of nucleation site in the austenite due to the plastic defor-
mation was represented by the increase of the shear-band
intersection. A self-consistent model was implemented in iterative
programme based on the radial return method to predict the defor-
mation behaviour under various loads. The results obtained were
compared with the experimental data of the uniaxial tension and
simple shear. Dan et al. (2007) developed a constitutive model of
the transformation-induced plasticity accompanying the strain-
induced martensitic transformation in TRIP steels. Nucleation sites
in the austenite due to the plastic deformation were modelled as
the increase of the shear band intersection and the probability of
nucleation was derived taking into account stress state, plastic
strain and strain rate, which inﬂuence the temperature increment.
Anisotropic yield function was used and a mixed hardening law
with four phases was developed instead of the mixed hardening
law with two phases. The constitutive model was implemented
in the ﬁnite element software and the comparison between the
experimental data and the simulations was carried out. Involving
the effect of temperature increase allowed to obtain better results
in the case of modelling the transformation-induced plasticity than
by using the models with constant temperature. Fatigue behaviour
of austenitic stainless steels in view of plastic strain-induced
martensitic transformation was ﬁrst investigated by Baudry and
Pineau (1977). The authors identiﬁed the volume fraction of mar-
tensite by using magnetic measurements and X-ray techniques.
They introduced the concept of critical plastic strain amplitude, be-
low which the material does not undergo the phase transforma-
tion. Properties of 316L and 316LN austenitic stainless steels
during cyclic loading at 300 and 77 K were investigated by Vogt
et al. (1991). The authors pointed out the enhancing role of nitro-
gen content in the fatigue resistance. At room temperature slight
hardening followed by softening is observed in both steels. At
77 K behaviour of both materials is characterised by hardening
and quasi-saturation for smaller strain amplitudes but in the case
of higher strain amplitudes 316L shows signiﬁcant hardening
whereas in 316LN the initial hardening is present followed by soft-
ening and again hardening. The difference in low-cycle fatigue
behaviour at cryogenic temperatures results from the c  a0 trans-
formation and different volume fractions of martensite in both
steels. Botshekan et al. (1997) and Botshekan et al. (1998) per-
formed monotonic and cyclic tests of 316LN stainless steel at 300
and 77 K, taking into account the inﬂuence of the martensitic
transformation under high plastic straining on the stress–strain
relationship and the fatigue life. The a0 – martensite volume frac-
tion was measured during tests. No martensite was detected at
room temperature but at cryogenic temperatures partial martens-
itic transformation was observed when cyclic loading of high strain
amplitude was applied. A characteristic feature of the material
behaviour at cryogenic temperatures is higher tensile elongation
in the monotonic test and secondary hardening in the fatigue test.
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which makes crack nucleation and growth more difﬁcult. Suzuki
et al. (1988) investigated the fatigue properties of 304L and 316L
stainless steels at cryogenic (4 and 77 K) and room temperatures
with special focus on the mechanical strength and the magnetic
properties. They conducted both tensile and fatigue tests and for
both types of test the magnetic permeability of the steels was mea-
sured. The authors aimed at investigating the critical strain above
which the plastic strain-induced phase transformation starts. The
stress and the strain limitations were considered in view of design
of superconducting magnets, where increasing magnetic perme-
ability of material due to the phase transformation is undesirable.
The linearised law describing kinetics of the c  a0 phase trans-
formation in metastable austenitic stainless steels, adapted espe-
cially to low temperature applications, was presented by Garion
and Skoczen (2002). Next, Garion et al. (2006) developed a consti-
tutive model of the plastic strain-induced martensitic transforma-
tion on the basis of the linearised kinetics law, mixed hardening
rule and Mori–Tanaka homogenisation. They also carried out
experiments on 316L stainless steel at room and at cryogenic tem-
peratures in order to identify the necessary parameters. Based on
this, a method of creation of functionally graded structural mem-
bers by straining them at low temperatures and initiating the
phase transformation was proposed by Skoczen (2007), presenting
as an example torsion of circular rods. This idea was further devel-
oped by Sitko et al. (2010), who proposed bending of rectangular
beams as a method of obtaining structures with spatial variation
of properties. A two-phase model of plastic hardening of materials
undergoing the strain-induced phase transformation was pre-
sented by Mroz and Zietek (2007). The authors formulated consti-
tutive equations introducing the yield surface, the limit back stress
surface and the transformation surface. It was assumed that the
back stress is affected by the volume fraction of martensite.
Numerical simulations of uniaxial cyclic loads were carried out
and showed good agreement with experimental data. Lee et al.
(2009) carried out uniaxial tension tests of 304 and 316 steels at
cryogenic temperatures. The authors proposed a new constitutive
description of austenitic stainless steels based on the modiﬁed
Bodner plasticity model that includes three kinds of nonlinearities:
discontinuities at yielding, phase transformation and damage. Re-
sults of the tests were used to investigate inelastic behaviour of
materials and identify proper parameters of the constitutive mod-
el. Finite element model was built and numerical results were
cross-checked with the experimental data. Lee et al. (2010) formu-
lated a crystal plasticity model incorporating the mechanically in-
duced martensitic transformation in metastable austenitic steel.
The kinetics of martensite transformation was based on the consid-
eration of nucleation-controlled phenomenon and nucleation
probability was a function of the interaction energy between exter-
nally applied stress and lattice deformation. The ﬁnite element
analysis was carried out considering the effect of volume change
by the Bain deformation and the lattice-invariant shear during
the martensitic transformation by modifying effectively the
evolution of plastic deformation gradient in the conventional
rate-dependent crystal plasticity. Comparison between the ﬁnite
element results and the experimental data under simple loading
conditions was made in order to validate the model. Good agree-
ment with the measurements of stress–strain response, trans-
formed martensitic volume fractions and the inﬂuence of strain
rate on the deformation was found.
A micro-scale kinetic theory for strain-induced structural
changes including phase transformations and chemical reactions
has been developed by Levitas and Zarechnyy (2006). The transfor-
mation kinetics depends on the ratio of the yield strengths of
phases. The plastic strain has been included as time-like parame-
ter. Solutions of the kinetic equations were analyzed for variouscases, including structural evolution between two phases in an in-
ert matrix and between three phases in silicon and germanium. A
model of strain-induced phase transformation under compression
and torsion of a sample in the rotational diamond anvil cell has
been developed by Levitas and Zarechnyy (2010a). A numerical
study of strain induced phase transformation under compression
in traditional diamond anvils has been carried out. Another study
was dedicated to combination of compression and torsion in rota-
tional anvils. It turns out that the phase transformation kinetics de-
pends strongly on the ratio of yield strengths of the low-pressure
and high-pressure phases. In particular, for stronger high-pressure
phase increase in strength during phase transformation increases
pressure and promotes phase transformation, whereas for weaker
high-pressure phase, strong strain and high-pressure phase locali-
sation and irregular stress ﬁelds were obtained by the authors.
In the above listed papers the plastic strain induced phase
transformation occurring during cyclic loading was studied mainly
experimentally. No systematic experimental and numerical effort
has been made in order to explain the effect of phase transforma-
tion on the mechanisms of adaptation and inadaptation to cyclic
loads, and ultimately on the fatigue life of structures operating at
very low temperatures. The present paper constitutes an attempt
to answer these questions on the basis of existing experimental
data and by means of numerical effort backed by the constitutive
model developed and validated by using own experiments and
the data available throughout the literature. Both uniaxial loading
cases (tension–compression, torsion, bending) as well as multiaxial
loading cases (thin-walled shells) will be analysed. Moreover, the
non-proportional loading paths will be simulated in order to ana-
lyse the phase transformation process accompanying sudden
change in loading direction. Based on the numerical investigations
the conclusions related to shake down of structures subjected to
cyclic loads beyond the yield point at extremely low temperatures
will be drawn.3. Kinetics of the plastic strain-induced c  a0 phase
transformation
In consequence of the plastic strain-induced phase transforma-
tion of TRIP steels, martensite platelets dispersed in the austenitic
matrix are formed. It has been observed that the martensite em-
bryos are created at the intersection of shear-bands. In the natural
way, the volume fraction of martensite n depends on the tempera-
ture due to the relation with chemical energy. However, in the case
of strain-induced transformation, both the plastic deformation and
the stress ﬁeld inﬂuence the transformation driving force and reg-
ulate the amount of new-created martensite.
Transformation curves, illustrating the volume fraction of mar-
tensite as a function of temperature, are usually sigmoidally
shaped. Transformation processes occurring at the temperatures
close to room temperature have rather ﬂat characteristics and
slowly reach the saturation level (Fig. 1(a)). At cryogenic tempera-
tures the thermodynamic driving force is stronger, therefore the
phase transformation process has more dynamic course. The whole
process can be divided into three stages (Fig. 1(b)):
 Phase I: very low rate of phase transformation combined with
nucleation of martensite embryos.
 Phase II: reaching the threshold value of plastic strain, followed
by rapid growth of a0-phase content with constant transforma-
tion rate.
 Phase III: reaching the second threshold strain value, where
the phase transformation slows down and the volume frac-
tion of martensite approaches asymptotically the saturation
level.
(a) (b)
Fig. 1. Volume fraction of martensite as a function of plastic strain: temperature dependence (a) and linearised model (b).
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characteristic of cryogenic temperatures, can be approximated by
the linearised law proposed by Garion and Skoczen (2002), where
only phase II is taken into account as an active process. The rate of
volume fraction of martensite is expressed as:
_n ¼ A T; _p;r
 
_pH p  pn ; nL  n
  ð2Þ
where A is a function determining the slope of the curve in phase II
of the process, _p is the accumulated plastic strain rate and H is the
double-argument Heavyside step function.
Recapitulating, the linearisation performed w.r.t. the kinetic law
of phase transformation is justiﬁed by the fast transformation pro-
cess (steeppart of the transformation curve). The temperature range
for which such fast transformation process occurs depends mainly
on the analyzed material. For example, in the case of 304 stainless
steel this temperature range extends from 0 to 240 K (nearly up to
the room temperature) as indicated by Angel (1954). Thus, the line-
arised transformation kinetics is suitable for a wide range of cryo-
genic applications of stainless steels, including typical temperature
levels of liquid nitrogen (77 K) and liquid helium (4.5 K).
4. Constitutive model of two-phase continuum
Formulation of the constitutive model of a material subjected to
the plastic strain induced phase transformation is based on multi-
scale considerations. On one hand, it takes into account the micro-
mechanical phenomena such as interactions of dislocations with
martensitic inclusions or inﬂuence of hard inclusions on the softma-
trix (the Eshelby approach (Eshelby, 1957) used in the homogenisa-
tion). On the other hand, the model is deﬁned on the mesoscopic
level by means of the representative volume element (RVE), where
all material properties are treated as uniform and their equivalent
values are obtained via homogenisation process. Size of the RVE
should be large enough in comparisonwith themicrostructure, con-
taining sufﬁcient amount of inhomogeneities, but small enough to
justify using the local approach (Fig. 2). Consequently, the RVE is
considered as such a portion of material over which the stresses
and the strains are assumed uniform and the mechanical behaviour
of material can be described in terms of continuummechanics.
The present constitutive model is based on the following
assumptions:
 Two-phase continuum consists of the austenitic matrix and the
martensite platelets, represented by small Eshelby type ellipsoi-
dal inclusions, randomly distributed and randomly oriented in
the matrix.
 The austenitic matrix is assumed elastic–plastic, whereas the
inclusions show purely elastic response (yield stress of the mar-
tensite fraction is much higher than the yield stress of the
austenite). Rate independent plasticity is applied; in particular it is
assumed that the inﬂuence of the strain rate is small over the
range of temperatures 2–77 K (see Hecker et al., 1982) and
function depends on the temperature and stress state only.
 Small strains are assumed: the accumulated plastic strain does
not exceed 0.2.
 Mixed isotropic/kinematic hardening affected by the presence
of martensite fraction is included.
 Two-phase material obeys the associated ﬂow rule.
As shown in the previous papers (see Sitko et al., 2010) limita-
tion of the accumulated plastic strain to 0.2 in the framework of
small strains theory yields correct results, matching well the
experimental data. It is worth pointing out, that even if the present
model is valid under the assumption of small strains, there is no
fundamental difﬁculty to extend the model to large strains. Such
generalisation leads to application of different strain measure
(for instance the Hencky measure). Also, the limitation of the accu-
mulated plastic strain to 0.2 has meaning for monotonic loads only,
whereas for cyclic loads a limitation should rather be imposed on
the maximum strains on cycle and not on the accumulated plastic
strain, that may substantially increase from cycle to cycle.
The general constitutive law of material subjected to the plastic
strain ﬁeld p, the thermal strain ﬁeld th and the Bain strain bs,
assuming that all strains can be considered small, is given in the
following form:
r ¼ E :  p  th nbs
 
ð3Þ
The Bain strain bs represents here the relative volume change
dv due to the phase transformation:
bs ¼ 1
3
dvI; dv ¼ Vm  Va
Va
ð4Þ
where Vm and Va are the volumes of martensite and austenite,
respectively, and I is the second rank identity tensor.
The stiffness tensor E can be expressed as a sum of the spherical
operator J, representing the hydrostatic part of elastic energy, and
the deviatoric operator K , that represents the shear state:
E ¼ 3kJ þ 2lK ð5Þ
where:
J ¼ 1
3
I  I; K ¼ I  J ð6Þ
and I is the fourth rank identity tensor, whereas l and k are the
elastic shear and bulk moduli, respectively. The moduli are
Fig. 2. RVE with passing dislocation and the mechanism of Orowan loops.
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following way:
l ¼ E
2ð1þ mÞ ; k ¼
E
3ð1 2mÞ ð7Þ
The yield surface f is deﬁned by means of the second invariant J2
of the stress tensor:
f r;X;R
 
¼ J2 r X
 
 r0  R
J2 r X
 
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
s X
 
s X
 r ð8Þ
where X stands for the back stress, R is the isotropic hardening
parameter, s is the deviatoric stress and r0 denotes the yield stress.
It is assumed that the plastic strain increment deﬁned for a
material that undergoes phase transformation can be described
by means of the associated ﬂow rule, where the yield surface f is
understood as the plastic potential:
dp ¼ of
or
dk ð9Þ
Here, k is the Lagrange multiplier and can be calculated by using
the consistency condition:
_f r;X;R
 
¼ 0 ð10Þ
The model of plastic hardening consists of the kinematic hard-
ening component, represented by the position of the centre of yield
surface in the form of 2nd rank tensor X, and the isotropic harden-
ing component, described by a scalar parameter R. The phase trans-
formation inﬂuences signiﬁcantly both hardening parameters:
dX ¼ dXa þ dXaþm ¼ 23CXðnÞd
p ð11Þ
dR ¼ CRðnÞdp ð12Þ
where CX and CR depend on the volume fraction of secondary phase.
However, in the presence of evolving martensitic inclusions the
hardening law can not be considered linear. Interactions between
dislocations and martensitic platelets cause additional hardening
of the material due to the fact that inclusions act as barriers for
moving dislocations and the whole process becomes nonlinear.
The usual hardening modulus C0 is thus replaced by the modulus
CX(n) that depends on the martensite content and can be expressed
as:
CXðnÞ ¼ C0/ðnÞ for 0 < n < nL and /ð0Þ ¼ 1 ð13ÞFig. 3. Unit cell containing inclusions.4.1. Micromechanics
When crossing an inclusion of the average size d, much smaller
than the average distance between inclusions (d l), a dislocationhas to develop the shear stress sp required for the passage and
leaves behind a closed loop around each inclusion (Orowan mech-
anism, Fig. 2).
On the basis of the micromechanial analysis, the general for-
mula for the shear stress sp is given as a relation between the shear
modulus l, the length of the Burgers vector b and the mean dis-
tance between inclusions l:
sp ¼ l bl ð14Þ
Assuming that the inclusions are uniformly distributed in the
material, the total volume of the considered RVE is expressed as
product of the volume of elementary cell (Fig. 3) and the number
n3 of inclusions in the RVE:
V ¼ n3ðlþ dÞ3 ð15Þ
Since the size of inclusions is small when compared to the dis-
tance between them, Eq. (15) can be simpliﬁed:
V ¼ n3l3 ð16Þ
The total volume that is occupied by martensitic inclusions is
calculated as the volume of single inclusion Vi multiplied by the
number of inclusions n3. For the sake of simplicity, it is assumed
that the inclusions have spherical shape:
Vn ¼ Vin3 ¼ n3 pd
3
6
ð17Þ
Thus, the volume fraction of martensite reads:
n ¼ Vn
V
¼ p
6
d
l
	 
3
ð18Þ
The above equation deﬁnes the distance between the martens-
itic inclusions as a function of the size of inclusions and the volume
fraction of martensite:
Fig. 4. Basic idea of the incremental solution by means of tangent stiffness operator.
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l
¼ 1
d
ﬃﬃﬃﬃﬃ
6n
p
3
r
ð19Þ
Substituting this relation to Eq. (14), one obtains the shear
stress needed for a dislocation to pass across the inclusion, as a
function of the volume fraction of martensite:
sp ¼ lbd
ﬃﬃﬃﬃﬃ
6n
p
3
r
ð20Þ
The volume fraction of martensite can be expressed as a sum of
the initial volume fraction of inclusions n0 and the increment of
inclusions caused by the phase transformation Dn:
n ¼ n0 þ Dn ð21Þ
In view of Eq. (20), the shear stress is equal to:
sp ¼ lbd
ﬃﬃﬃ
6
p
3
r
n0 1þ
Dn
n0
	 
1=3
ð22Þ
By expanding the expression in brackets into the Taylor series,
one arrives at:
1þ Dn
n0
	 
1=3
 1þ 1
3
Dn
n0
þ    ð23Þ
Neglecting the higher order terms of the series, the ﬁnal expres-
sion for the shear stress in the case of two-phase material becomes
approximately linear as a function of the volume fraction of mar-
tensite (Skoczen, 2007) and is equal to:
sp ¼ lbd
6n0
p
	 
1=3
1þ n n0
3n0
	 

ð24Þ
In consequence, the function /(n), that relates the linear hard-
ening modulus to the hardening modulus resulting from the Oro-
wan mechanism, can be expressed in the form:
/ðnÞ ¼ 1þ hn ð25Þ
where h is a material dependent parameter.
The back stress increment can be thus decomposed into the
term responsible for the hardening of pure austenite (dXa0) and
the term corresponding to additional hardening due to the pres-
ence of martensitic inclusions (dXan):
dXa ¼ dXa0 þ dXan ¼ 23C0/ðnÞd
p ¼ 2
3
C0dp þ 23C0hnd
p ð26Þ
In conclusion, the linearisation carried out w.r.t. the shear stress
necessary for a dislocation to overcome the inclusions (Orowan
mechanism) has been transferred to the kinematic hardening mod-
el (evolution of back stress). In this part of the model the hardening
modulus becomes linear function of the volume fraction of mar-
tensite. It does not impose any signiﬁcant limitation on the appli-
cability of the model, since the higher order terms neglected in the
expansion of the shear stress into the Taylor series yield small
contribution only.
4.2. Tangent stiffness tensors and homogenisation
The constitutive relation between the stress and the strain in
martensite is obtained under the assumption that the lenticular
martensite platelets remain elastic while the material is being
loaded, and can be expressed as:
Drm ¼ Em : D ð27Þ
The stiffness modulus Em does not change during the loading
process and is reﬂected byEm ¼ 3kmJ þ 2lmK ð28Þ
lm ¼
E
2ð1þ mmÞ ; km ¼
E
3ð1 2mmÞ ð29Þ
where km and lm are the bulk and the shear moduli of martensite
(in the elastic state), respectively, and mm is the Poisson’s ratio of
martensite. For the austenite, that ﬂows already plastically in the
course of the phase transformation the approach proposed by Hill
(1965) is applied. It consists in linearisation of the elastic–plastic
constitutive equations and deﬁnition of suitable local tangent stiff-
ness operator. The stress increment can be obtained by imposing
the tangent stiffness modulus Eta on the strain increment and per-
forming contraction:
Dra ¼ Eta : D ð30Þ
The basic concept of linearisation in the constitutive modelling
of elastic–plastic continuum and extraction of tangent stiffness
operator is shown in Fig. 4.
In its general form, the elastic–plastic tangent stiffness tensor
becomes an anisotropic operator expressed by means of tangent
bulk modulus kta and tangent shear modulus lta:
Eta ¼ 3ktaJ þ 2lta K 
n n
1þ C3l
 !
ð31Þ
where n denotes unit vector normal to the yield surface:
n ¼
ﬃﬃﬃ
3
2
r
s X
J2 s X
  ð32Þ
However, in many cases it is more convenient to apply the elas-
tic–plastic tangent stiffness operator reduced to isotropic form
without loosing the precision of computations. The operation of
‘‘stripping down’’ the tangent stiffness operator is performed by
projection of the complete anisotropic operator into the space of
isotropic operators. It is worth pointing out, that from the numeri-
cal point of view it is beneﬁcial for the correct convergence of the
solution process. Such formulation was studied in detail by Doghri
and Ouaar (2003) as well as Doghri and Friebel (2005). The isotropic
form of the elastic–plastic operator is built in the form similar to the
elastic stiffness tensor, which leads to the following expression:
Eta ¼ 3ktaJ þ 2ltaK ð33Þ
where:
lta ¼
EtðnÞ
2ð1þ maÞ ; kta ¼
EtðnÞ
3ð1 2maÞ ; EtðnÞ ¼
ECðnÞ
Eþ CðnÞ ð34Þ
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involving tangent stiffness modulus Et has been used. This modulus
can be easily extracted – for comparison – from a uniform stress–
strain curve obtained by means of unidirectional tension/compres-
sion test performed at cryogenic temperatures. In the case of ca0
phase transformation, the tangent modulus Et is a function of the
volume fraction of martensite n and evolves continuously during
the phase transformation process, inﬂuencing both the bulk and
the shear modulus. By substituting tangent modulus into the for-
mulae for shear and bulk moduli one obtains:
lta ¼
E
2ð1þ maÞ
CðnÞ
Eþ CðnÞ ¼
E
2ð1þ maÞWðnÞ ð35Þ
kta ¼ E3ð1 2maÞ
CðnÞ
Eþ CðnÞ ¼
E
2ð1þ maÞWðnÞ ð36Þ
It is easy to observe that the constituents of the elastic tangent
stiffness tensor are scaled by the function W(n), that depends on
the volume fraction of martensite (Eqs. (35) and (36)). The Hill
incremental approach (Hill, 1965) allows us to update the value
of the tangent stiffness operator at each step of the solution, taking
into account the inﬂuence of martensitic inclusions on the overall
behaviour of the material.
Taking into account the Eshelby’s solution (Eshelby, 1957) for a
single ellipsoidal inclusion embedded in an inﬁnite homogeneous
body subjected to a uniform transformation strain, it is possible
to compute the stresses and the strains within the inclusion sur-
rounded by the elastic matrix. This approach has been adopted a
basis of many homogenisation methods, such as the Mori–Tanaka
method. The Mori–Tanaka homogenisation scheme is an effective
ﬁeld theory based on calculating the average internal stress (Mori
and Tanaka, 1973). The effective stiffness modulus results from the
following formula:
EMT þ E	
	 
1
¼
X
i¼a;m
fi Ei þ E	
	 
1
ð37Þ
where E	 denotes here the Hill inﬂuence tensor and fi is the volume
fraction of a given constituent in the material (here: a, austenite; m,
martensite).
Typical shapes of martensitic inclusions are plates or laths.
Therefore, when modelling materials with a0-phase, the assump-
tion of ellipsoidal inclusions that are dispersed uniformly in the
material is justiﬁed and enables us to use the Eshelby solution.
The linearised stress–strain relationship in the material undergoing
the phase transformation and consisting of a soft matrix and hard
inclusions is based on the effective tangent stiffness operator Eeff :
Draþm ¼ Eeff : D ð38Þ
where the effective stiffness tensor is obtained via the Mori–Tanaka
homogenisation and can be decomposed into the bulk and the shear
terms:
Eeff ¼ EMT ¼ 3kMTJ þ 2lMTK ð39Þ
where the relations between the moduli are as follows:
3kMT þ 3k	 ¼ 1 n3kta þ 3k	
þ n
3km þ 3k	
 1
3lMT þ 3l	 ¼
1 n
3lta þ 3l	
þ n
3lm þ 3l	
 1
k	 ¼ 4
3
lta; 2l
	 ¼ lta 9kta þ 8lta
 
3 kta þ 2lta
 
ð40Þ
The total increment of stress in the material can be decomposed
into the stress increment for pure austenite (before the phase tran-
sition) and the surplus stress increment resulting from the phase
transformation and formation of heterogeneous structure:Dr ¼ Dra þ Draþm ¼ Eta : Dþ EMT  Eta
	 

: D ð41Þ
The term describing the inﬂuence of two-phase structure on the
stress increment, together with the assumption that the strain
increment is mainly due to the plastic strains, can be evaluated as:
Draþm ¼ 2 lMT  lta
 
: Dp ¼ CaþmDp ð42Þ
where lMT is the shear modulus obtained via the Mori–Tanaka
homogenisation process and Ca+m represents the hardening modu-
lus for the two-phase material.
If pure kinematic hardening is taken into account only, the for-
mula describing backstress increment in two-phase material is ex-
pressed in the following way:
DXaþm ¼ 23CaþmD
p ð43Þ
which can also be written in the incremental form as:
dXaþm ¼ 23Caþmd
p ð44Þ
In the case of pure isotropic hardening, evolution of the harden-
ing parameter looks as follows:
DR ¼ DRaþm ¼ Draþm
  ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃDraþm : Draþmq
¼ 2 lMT  lta
 
Dp ð45Þ
where the accumulated plastic strain increment is computed as:
Dp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
Dp : Dp
r
ð46Þ
The incremental form of isotropic hardening parameter can be
written as:
dR ¼ dRaþm ¼ 2 lMT  lta
 
dp ¼ Caþmdp ð47Þ
Usually both the kinematic and the isotropic hardening is ob-
served in the materials, however one of them can be dominant.
Thus, the Bauschinger parameter b has been introduced with the
parametrization developed by Zyczkowski (1981):
b ¼ r
0 þ r0
2ðr r0Þ ð48Þ
where r0 represents the stress level at which the unloading process
starts and r0 is the stress level at the reverse active process (Fig. 5).
This parameter allows us to determine the ratio between isotropic
hardening (no Bauschinger effect, b = 0) and kinematic hardening
(ideal Bauschinger effect, b = 1) and can be determined experimen-
tally in uniaxial tension – compression tests.
Finally, the hardening parameters in the mixed hardening mod-
el are expressed as:
dX ¼ 2
3
bCaþmdp ð49Þ
dR ¼ ð1 bÞCaþmdp ð50Þ
Summing up, a double linearisation approach has been adopted
in the present paper, based on the previous works. First linearisa-
tion is related to the step-by-step homogenisation process making
use of the local tangent stiffness operators, which follows the con-
cept introduced by Hill (1965). Here, an extension of the homoge-
nisation algorithm (developed for linear elasticity on the basis of
the Eshelby solution) to the rate independent elasto-plasticity fol-
lowing Hill’s incremental formulation has been applied. Thus, in
order to compute local stress increment the tangent stiffness oper-
ator representing locally linearised behaviour of two-phase contin-
uum has been derived. This resultant operator involves local
tangent stiffness operators of the elastic–plastic matrix and the
Fig. 5. Bauschinger effect and parameter b.
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As the tangent operator for plastically active processes contains a
dyadic square product of the vector normal to the yield surface
in the stress space which makes the operator anisotropic, the sec-
ond-stage linearisation based on the quasi-isotropic operator turns
out particularly useful. Correct predictions are usually obtained in
the case when the Eshelby tensor is determined by means of iso-
tropic moduli obtained from type Hooke tangent operator (similar
to isotropic linear elasticity). Therefore, another linearisation has
been performed by projecting the tangent stiffness anisotropic
operator of elastic–plastic austenite to the space of isotropic oper-
ators. Such a procedure has been applied by many authors in order
to obtain numerically correct results (Doghri and Ouaar, 2003).
This double linearisation algorithm does not impose any speciﬁc
limitation on the applicability of the model, however, it is particu-
larly efﬁcient in the case of elastic–plastic matrix and elastic
inclusions.5. Identiﬁcation of parameters of the constitutive model
Tension or compression of rods does not lead to creation of
functionally graded structural members (FGSM), because the dis-
tribution of stresses and strains resulting from uniaxial loading is
homogeneous in the cross-section and along the structure. How-
ever, these uniaxial cases are analysed here in order to identify
the material parameters of the constitutive model and cross-check
the numerical results with experimental data. All parameters ofFig. 6. Experimental curves and mthe constitutive model are evaluated based on the experimental
data obtained in monotonic tension and cyclic tension–compres-
sion tests. It is rather difﬁcult to ﬁnd in the literature the experi-
mental data for austenitic stainless steels loaded in cryogenic
conditions because this type of tests requires specialised equip-
ment working at extremely low temperatures and providing con-
stant or programed temperature during the tests.
The model requires essentially 10 material parameters to be
deﬁned. Young’s modulus E, Poisson’s ratio m, yield stress r0 and
hardening modulus C0 can be identiﬁed directly from the
stress–strain curve obtained in the tensile test (Fig. 6). Parameter
b deﬁning the proportion between the isotropic and the kinematic
hardening is estimated based on the cyclic tests. Parameter h is a
free parameter and is adjusted in such a way that the numerically
obtained stress–strain relationship ﬁts best to the experimental
data.
The parameters referring to the kinetics of martensitic transfor-
mation: such as the threshold value of accumulated plastic strain
pn at which the phase transformation starts, the parameter A deter-
mining slope of the linearised part of transformation curve as well
as saturation level of the transformation nL, are evaluated based on
the measurements of magnetic response of the material (Fig. 6).
The magnetic properties of individual phases (paramagnetic c aus-
tenite and ferromagnetic a0 martensite) are used to estimate the
amount of martensite in the material. The magnetic permeability
of steel changes as a function of the content of ferromagnetic mar-
tensite and can be measured by using a magnetometer. Then, the
measured permeability level can be directly converted to the vol-
ume fraction of martensite.
Mechanical properties of 316L stainless steel at 77 K, with spe-
cial consideration of phase transformation, were investigated by
Garion et al. (2006). Two samples of cross sections 0.15 
 3 mm
and 0.25 
 3 mm, respectively, were tested in liquid nitrogen.
The chemical composition of steel for both specimens was identi-
ﬁed and the results are given in Table 1. The kinematically con-
trolled tensile tests were performed by using a universal
electromechanical testing machine with a special cryostat in-
stalled. In order to identify the threshold strain at which the phase
transformation begins, the volume fraction of martensite was esti-
mated for different strain levels: 0.05, 0.1, 0.2, 0.3 and 0.4. The
magnetic measurements were carried out by removing the sample
from the cryogen as soon as the required deformation was ob-
tained and measuring the permeability at room temperature.
Resulting stress–strain curve and the volume fraction of martensite
as a function of strain are shown in Fig. 7. The authors performed
also similar tests of 316L stainless steel in liquid helium tempera-
ture (4.2 K).ain parameters of the model.
Table 1
Chemical composition of AISI 316L samples (wt.%).
316L Sample (mm) C Cr Ni Mn Mo N P S Si Fe
0.15 
 3 0.027 17.99 10.29 1.56 2.03 0.0075 0.022 0.0009 0.596 Bal.
0.25 
 3 0.029 17.91 11.03 0.87 1.97 0.0074 0.025 0.0022 0.492 Bal.
Fig. 7. Experimental curves for 304L (Morris et al., 1992) and 316L (Garion et al., 2006) at 77 K.
Table 2
Chemical composition of AISI 304L steel (wt.%).
C Cr Ni Mn Mo N P S Si Fe
304L 0.019 18.9 8.29 1.84 0.43 0.087 0.024 0.015 0.033 Bal.
Table 3
Parameters of the constitutive model for 316L (Garion et al., 2006) and 304L (Morris et al., 1992) stainless steels at 77 K.
Steel E (GPa) m r0 (MPa) C0 (MPa) h A pn nL Dv
304L 190 0.3 580 750 1.9 4.23 0.004 0.3 0.05
316L 206 0.3 645 720 0.7 4.3714 0.0886 0.9 0.05
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of tests performed by Morris et al. (1992). The chemical composi-
tion of samples is presented in Table 2. The stress–strain curve and
the volume fraction of martensite as a function of strain obtained
from experiments are shown in Fig. 7.
The set of material parameters identiﬁed on the basis of tensile
tests and magnetic measurements for 304L and 316L is given in Ta-
ble 3.
It should be pointed out that the saturation level of the phase
transformation nL may change signiﬁcantly depending on the
chemical composition of steel. Due to the fact that the homogenisa-
tion algorithm refers to the two-phase structure, assuming that the
martensitic inclusions are dispersed in the austenitic matrix, there-
fore austenite is the dominant constituent of material. The maxi-
mum saturation level in all calculations should not exceed 0.5
(nL 6 0.5). However, in the calculations performed for 304L stainless
steel the value 0.9, resulting from the tests, is used and still good
agreement between numerical analysis and experimental data
can be achieved. In such a case the results for the accumulated plas-
tic strains larger than 0.2 should be analysed with additional care.
6. Two-phase rods subjected to cyclic tension/compression
Although the constitutive model of material undergoing c  a0
phase transformation is essentially dedicated to monotonic loadingand does not take into account the mechanisms related to cyclic
hardening, it is used in order to investigate the inﬂuence of mar-
tensitic transformation on the behaviour of steels under cyclic
loading. Moreover, the mechanisms of adaptation and inadaptation
to cyclic loads are studied.
The 2D ﬁnite element models of rods, made of 304L stainless
steel, were tested under uniaxial cyclic straining. The rods were
subjected to tension and compression at cryogenic temperatures
(77 K) with the strain amplitudes of 1.06%, 1.4% and 2.36%, respec-
tively. The values of loads have been chosen on the basis of exper-
imental data available in the literature and presented by Suzuki
et al. (1988) for 304L stainless steel. The experimental data pre-
sented in the article are not sufﬁcient to perform full identiﬁcation
of the parameters required by the constitutive model. The yield
strength has been modiﬁed for the simulations according to the
values given in the article: 353 MPa for 304L. The other parameters
have been assumed as shown in Table 3.
Based on the best ﬁt between cyclic tests and results of numer-
ical analyses, the Bauschinger parameter b = 0.9 has been chosen
for both steels. It implies the fact that kinematic hardening domi-
nates over the isotropic hardening and suggests that the yield sur-
face during cyclic loading moves in the stress space without
increasing much its size. From the curves presenting evolution of
the stress amplitude (Fig. 8) one can easily deduce that for bigger
strain amplitudes the martensitic transformation is initiated much
Fig. 8. Comparison of experiments and numerical simulations for 304L steel under cyclic loading.
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shows that the martensitic phase transformation has big inﬂuence
on the strain hardening. It is known that small volume fraction of
martensitic inclusions is beneﬁcial for the fatigue strength of mate-
rials. The inclusions are often created in the regions of the biggest
local strain concentrations that are usually located at the tip of
propagating crack. The presence of hard martensite stops the
growth of the crack and, additionally, may also initiate the closure
of short cracks.
It should be highlighted here that the numerical results of cyclic
loadings cannot be compared quantitatively to the experiments,
but only qualitatively, due to the fact that full identiﬁcation of
parameters was not possible for the currently available experimen-
tal data.Fig. 10. Rectangular beam subjected to cyclic loading.7. Cyclic bending of two-phase rectangular beams
Bending of beams made of austenitic stainless steels at
cryogenic temperatures leads to creation of functionally graded
structural members due to the plastic strain-induced phase trans-
formation. One can initiate the transformation in the external parts
of cross-section by imposing kinematically controlled loading in
the plastic range. Then, pre-bent structural members are composed
of several layers: the elastic layer close to the neutral surface, the
plastic layers located further away and the two-phase (c + a0) rein-
forced layer located at the top and bottom surfaces of the beam.
The transition between layers is gradual and smooth, which elim-
inates the problem of stress concentrations between layers and
possibilities of delamination (Fig. 9). What is even more important,
the strain-induced phase transformation is an irreversible processFig. 9. Strain and stress distributions in the croand the two-phase microstructure does not change after heating
up to room temperature.
Cyclic bending of a simply supported beam subjected to two
symmetrically applied forces is considered (Fig. 10).
The hysteresis loops for four different saturation levels of mar-
tensite in the material are shown in Fig. 11. When the phase trans-
formation is not active, the linear hardening is present only.
However, with the increasing amount of martensite in the mate-
rial, its inﬂuence on the strain hardening becomes more and more
visible. The size of the hysteresis loops decreases faster during cyc-
lic loading of materials with higher martensite content. It can be
interpreted by the fact, that the materials with higher content of
martensite dissipate less energy (inclusions are assumed elastic).
The set of hysteresis loops for different saturation levels nL of
the phase transformation is shown in Fig. 12. Additionally, for
the sake of comparison, the results for a material with nL = 0.9
are presented. However, one should bear in mind that allowing
for martensite content above 50% may not be correct in view of
the applied homogenisation process.ss-section of a beam subjected to bending.
Fig. 11. Stress–strain hysteresis loops for different phase transformation saturation levels nL during cyclic bending.
Fig. 12. Comparison of hysteresis loops for different martensite content levels.
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indicates that the process of alternating plasticity is accompanied
by strong reduction of plastic strain amplitude in the presence of
martensite (Figs. 13 and 14). The bigger martensite content, the
lower strain amplitudes are achieved for the same number of
cycles.
The evolution of the accumulated plastic strain as a function of
the number of cycles is shown in Fig. 15. A material which does not
undergo the phase transformation is characterised by linear in-
crease of the accumulated plastic strain in the course of cycling.
The presence of martensite manifests itself in reduction of the rate
of increase of the accumulated plastic strain and the whole process
takes a non-linear form.
It is possible to estimate the relation between the martensite
content and the accumulated plastic strain (Fig. 16). The powerFig. 13. Evolution of plastic strain for different phase tradependence can be observed here. The more martensite the smal-
ler increase of the accumulated plastic strain.
8. Cyclic torsion of two-phase circular rods and thin-walled
cylinders (tubes)
Applying torque at cryogenic temperatures to circular rods
made of metastable austenitic stainless steels generates structures
of radially varying mechanical properties. Based on the mechanism
of plastic strain-induced phase transformation it is possible to
create rods with elastic–plastic core surrounded by a hardened,
two-phase layer consisting of the mixture of c austenite and a0
martensite (Fig. 17). The process of creating a rod with functionally
graded properties can be realised by immersing the structural
member in liquid helium or liquid nitrogen and twisting abovensformation saturation levels during cyclic bending.
Fig. 14. Comparison of plastic strain amplitudes for different martensite content levels.
Fig. 15. Comparison of the accumulated plastic strain distributions for different martensite content levels.
Fig. 16. Estimated relationship between the accumulated plastic strain and the martensite content.
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phase transformation. Martensite created in the material during
the strain-induced phase transformation is stable even after heat-
ing the structure up to room temperature due to the fact, that this
transformation is irreversible.
A thin-walled cylinder (tube) made of 316L stainless steel is
subjected to cyclic torsion at the liquid nitrogen temperature.The outer radius of the cylinder is R = 5 mm and the thickness
t = 0.5 mm. In order to investigate how the martensite content af-
fects the behaviour of the cylinder subjected to cyclic loadings, it is
assumed that the saturation level of the phase transformation may
be adjusted. The boundary conditions are set as shown in Fig. 18.
The comparison of hysteresis loops for different saturation lev-
els of the martensitic transformation is presented in Figs. 19 and
Fig. 17. Strain and stress distributions in the cross-section of circular rod subjected to torsion.
Fig. 18. Boundary conditions of thin-walled cylinder subjected to cyclic torsion.
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of the hysteresis loops decreases with increasing amount of mar-
tensite in the material.
Initially, the plastic strain range reduces from cycle to cycle.
However, it stabilizes very quickly and remains at constant plastic
strain amplitude. This effect is more visible for materials with big-
ger saturation level of the phase transformation (Figs. 21 and 22).Fig. 19. Stress–strain hysteresis loops for different phase tThe biggest increase of the accumulated plastic strain is ob-
served for the materials without phase transformation (Fig. 23).
The presence of martensite reduces signiﬁcantly the amount of
plastic work dissipated in the material.9. Nonproportional loading paths
The FE simulations of nonproportional loading paths applied to
thin-walled cylinders undergoing the strain-induced phase trans-
formation were carried out. Two distinct numerical analyses con-
sisting of four loading cycles were performed:
 Uniaxial tension (ﬁrst cycle) combined with three cycles of
oscillating torsion (cycles 2–4).
 Torsion (ﬁrst cycle) combined with three cycles of tension and
compression (cycles 2–4).ransformation saturation levels during cyclic torsion.
Fig. 20. Comparison of hysteresis loops for different phase transformation saturation levels during cyclic torsion.
Fig. 21. Evolution of plastic shear strain for different phase transformation saturation levels during cyclic torsion.
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and the thickness t = 0.5 mm. All results were extracted from the
element lying at the outer surface of the cylinder, in the middle
of its length, in order to reduce the inﬂuence of the applied bound-
ary conditions. First cycle is understood here as a monotonic load-
ing up to the assumed load level (sustained load), followed by
further cycling with respect to the complementary stress compo-
nent. For instance, monotonic tensile load which is followed by
cyclic torsion.9.1. Case 1: tension with cyclic torsion
Thin-walled cylinder subjected to uniaxial tension and then to
cyclic torsion is considered (Fig. 24).
The load values are chosen in such a way that during tension
the equivalent strain reaches the level which assures initiation ofthe plastic strain-induced phase transformation and, subse-
quently, during cyclic torsion the equivalent strains stay below
the value of 0.2. The loading path in the stress space is shown
in Fig. 25.
Distribution of the equivalent stress as a function of the equiv-
alent strain resulting from the calculations is shown in Fig. 26. One
can observe that the dissipation of energy – characteristic of cyclic
loading of plastic material – is not present starting from the third
cycle.
Characteristics of individual stress components as a function of
the number of cycles and the strain are shown in Figs. 27 and 28.
According to the assumed loading scenario, during the ﬁrst cycle
only the normal component of the stress changes up to the pre-
scribed value and stays constant during the next part of the pro-
cess. On the contrary, the shear component of the stress is
activated from the second cycle when the torque is applied and
oscillates with constant amplitude during the next three cycles.
Fig. 22. Comparison of stabilized plastic strain amplitudes for different martensite content levels.
Fig. 23. Comparison of the accumulated plastic strain for different martensite content levels.
Fig. 24. Thin-walled cylinder subjected to tension and cyclic torsion.
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since then the material does not dissipate energy. Such behaviour
indicates clearly fast shakedown process, which is beneﬁcial from
the point of view of the fatigue life of the structure.
The accumulated plastic strain starts to increase during the ﬁrst
cycle and reaches a constant level during the second cycle (Fig. 29).
It turns out that after the initial stretch and single torsion cycle the
yield surface attains the maximum size which is not modiﬁed by
further loading. As a result, thematerial shakes down and the struc-
ture starts working without further dissipation of the energy. The
phase transition is initiated at the end of tensile loading and reaches
the saturation level very quickly during the ﬁrst torsion cycle.
9.2. Case 2: torsion with cyclic tension
Thin-walled cylinder, initially twisted and then subjected to
uniaxial cyclic tension and compression, is analysed (Fig. 30).The loading trajectory in the stress space is shown in Fig. 31.
After loading up to the point when the phase transformation starts,
the cylinder is subjected to tension and compression cycles in such
a manner that the equivalent strain stays below 0.2.
The equivalent stress as a function of the equivalent strain is
shown in Fig. 32. One can observe that like in the case of uniaxial
tension and cyclic torsion, the energy is not dissipated starting
from the third cycle.
Stress components as a function of the number of cycles and the
strain are shown in Figs. 33 and 34. During the ﬁrst cycle the shear
component of stress increases to the level which assures initiation
of the plastic strain-induced transformation. The normal compo-
nent of the stress is activated starting from the second cycle when
the tension is applied and oscillates with constant amplitude dur-
ing the next three cycles. There is only one hysteresis loop devel-
oped during the second cycle and next material stops dissipating
energy.
Fig. 25. Loading trajectory in the stress space for uniaxial tension and cyclic torsion.
Fig. 26. Equivalent stress versus equivalent strain for uniaxial tension and cyclic
torsion.
Fig. 27. Normal stress as a function of
Fig. 28. Shear stress as a function of
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and reaches the saturation level immediately after the tension pro-
cess starts in the course of the second load cycle (Fig. 35). The accu-
mulated plastic strain stops increasing during the second cycle just
after the compression, which indicates the fact that the material
shakes down and no further energy dissipation is observed. Such
a fast shakedown process is again beneﬁcial for the fatigue life of
the structure.
The results presented in Figs. 26 and 32 were obtained for two
different values of the Bauschinger parameter: b = 0.9 and b = 1.0.
As the shakedown is reached at the same moment, no matter
whether the Bauschinger parameter was equal to 0.9 or 1.0, the
conclusion can be drawn that the main cause of ‘‘accelerated’’
shakedown in the case of analysed material is the phase transfor-
mation process. The explanation consists in the fact that the
austenitic micro-structure is gradually replaced by the elastic mar-
tensite inclusions. This mechanism substantially reduces dissipa-
tion of plastic power on cycle. It is worth pointing out, that
similar accelerated shakedown occurs for both combined loadings:
tension with cyclic torsion (case 1) and torsion with cyclic tension
(case 2). This conclusion should be regarded as important contribu-
tion to the design process of structures manufactured of metasta-
ble materials subjected to cyclic loads at cryogenic temperatures.
In particular, partial phase transformation may turn out to be ben-
eﬁcial for the enhancement of fatigue life of structures applied at
cryogenic temperatures.10. Application to thin-walled shells subjected to cyclic loads
Bellows expansion joints belong to thin-walled structures of
high ﬂexibility, commonly applied in compensation systems. They
are used to compensate for the relative motion of two adjacentcycle number and normal strain.
cycle number and normal strain.
Fig. 29. Accumulated plastic strain and volume fraction of martensite as a function of the number of cycles.
Fig. 30. Thin-walled cylinder subjected to torsion and cyclic tension/compression.
Fig. 31. Loading trajectory in the stress space for torsion with cyclic tension and
compression.
Fig. 32. Equivalent stress versus equivalent strain.
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are frequently used in extreme conditions, comprising various
temperature ranges and load types, which makes them a class of
highly engineered structures that need to be correctly designed,
manufactured and installed. Design of expansion joints requires
taking into account working conditions such as the piping system
layout, ﬂowing medium, pressure, temperature and possibleFig. 33. Normal stress as a function omotions. Equally important is the speciﬁcation of bellows material,
which must be compatible with the ﬂowing medium, the external
conditions and the operating temperatures.
The bellows expansion joints are crucial elements for systems
working at cryogenic temperatures, where all structures contract
signiﬁcantly during cool-down process and the emerging displace-
ments of components need to be compensated. Amongst many
systems working at cryogenic temperatures and using this type
of thin-walled structures the large hadron collider (LHC), thef cycle number and shear strain.
Fig. 34. Shear stress as a function of cycle number.
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CERN, is a good example. The LHC is operated at superﬂuid helium
temperature which implies the fact that the bellows expansion
joints must work reliably in the range of temperatures from
293 to 1.9 K. Compensation elements are usually placed in the
interconnections between superconducting magnets where theFig. 35. Accumulated plastic strain and volume fraction
Fig. 36. Evolution of two-phase structure indeformations due to thermo-mechanical loads are localised. Their
main objective is to compensate for the thermal contraction of
magnets and to provide continuity of beam vacuum chamber, all
cryogenic lines and insulation vacuum.
Thanks to the implementation in the ﬁnite element software of
the constitutive model of a material undergoing the plastic strain-
induced phase transformation, the mechanical behaviour of any
structure can be easily computed and the evolution of two-phase
continuum created during the transformation can be investigated.
As an example, the ﬁnite element analysis of expansion bellows is
presented. The model of analysed expansions bellows is based on
the geometry of components integrated in the LHC compensation
system which provide continuity of the beam vacuum chambers
between two adjacent dipole magnets.
The ﬁnite element model has been built by means of plane ele-
ments assuming the axial symmetry. Moreover, it has been as-
sumed that the expansion bellows is made of 316L stainless steel
and is modelled for the conditions of liquid nitrogen temperature
(77 K). The shell is subjected to external pressure (p = 1.3 bar)
and kinematically loaded according to the following programme:
 Asymmetric tension of 42 mm and compression of 16 mm in
order to compare the simulations with the experimental results.
 Symmetric tension and compression in the range of ±70 mm,
which allows us to trace the evolution of martensite in the
convolutions.of martensite as functions of the number of cycles.
the convolutions of expansion bellows.
Fig. 37. Distribution of secondary phase through-thickness of convolution.
Fig. 38. Stress distribution in expansion bellows after 30 cycles.
Fig. 39. Accumulated plastic strain and volume fraction of martensite after 30 cycles.
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plastic range causes slow propagation of two-phase regions in
the course of loading. Sufﬁcient plastic deformation initiates
immediately the martensitic transformation which evolves at
root and at crest of the convolutions. The zones containing the
martensitic inclusions arise in the course of cycles gradually,
providing reinforcement (hardening) in the areas subjected to
the highest strains (Fig. 36).
The quantitative evolution of the volume fraction of martensite
through-thickness of the convolution is presented in Fig. 37. The
amount of martensite evolves up to the assumed saturation level
(here: nL = 0.3).
The stress distribution in a single convolution after 30 cycles is
presented in Fig. 38. One can easily notice that the highest stress
intensity appears at root and at crest of the convolution – in the
zones which are strengthened by the martensite.
The distribution of the accumulated plastic strain and related
distribution of the volume fraction of martensite after 30 cycles
are shown in Fig. 39.
The localisation of the phase transformation process coincides
with so-called ‘‘skin layer’’ resulting from the technological process
(rolling) when manufacturing ﬁne gauge stainless steel sheets. In
order to avoid premature failure of strongly hardened material
(hardening due to rolling + hardening due to phase transformation)
it is necessary to reduce the intensity of phase transformation
down to acceptable level. On the other hand, the existence of ellip-
soidal martensitic inclusions (lenticular martensite) is beneﬁcial
for the life-time of the component because the inclusions act as
macro-crack stoppers in the two-phase continuum. Therefore, a
limited phase transformation is regarded as a positive contribution
to enhancement of the fatigue life of thin-walled shell.
11. Conclusions
The constitutive model developed in the present paper has been
applied to predict the plastic strain induced phase transformation
at extremely low temperatures (liquid nitrogen, liquid helium).
The model involves the mechanism of strain hardening with two
fundamental effects taken into account:
 Interaction of dislocations with the inclusions of secondary
phase (lenticular a0 martensite).
 Evolution of tangent stiffness of two-phase continuum resulting
from constantly evolving proportions between hard martensite
and soft austenite.
Interaction of dislocations with the inclusions of secondary
phase (a0) affects the hardening modulus that becomes linear func-
tion of the volume fraction of martensite (n). The analysis based on
micromechanics provides justiﬁcation for this linear approxima-
tion. On the other hand, the tangent stiffness operator representing
two-phase continuum has been computed based on the Mori–Ta-
naka homogenisation scheme. Here, the local tangent stiffness
operators were deﬁned for both components of two-phase contin-
uum, which follows the concept presented by Hill (1965).
Combination of both above described effects results in strong
nonlinear hardening as soon as the phase transformation threshold
has been reached. Thus, the classical linear hardening model has
been replaced by the volume fraction of martensite dependent
nonlinear hardening model.
It is worth pointing out that the model is attractive in view of its
simplicity and relatively small number of parameters to be identi-
ﬁed at cryogenic temperatures. Moreover, the model is suitable for
the temperatures ranging from absolute zero to the room temper-
ature. However, the best results are obtained at the temperatures
M. Sitko, B. Skoczen´ / International Journawhere the linear form of kinetic law of phase transformation is va-
lid (up to some 100 K).
Another important issue is related to type Eshelby ellipsoidal
representation of a0 martensite inclusions. Such representation is
general enough to cover different geometrical aspects (propor-
tions) of a0 variant. By choosing the appropriate ellipsoid parame-
ters both the ﬂat platelet (disc-like) and the elongated (needle-like)
shapes can be obtained.
The constitutive model has been implemented in order to solve
several one-dimensional problems: tension/compression of bars,
twisting of rods of circular cross-section and bending of rectangu-
lar beams at cryogenic temperatures. The results were compared
with the closed form solutions, obtained by means of purely ana-
lytical approach. In the case of the present model a reasonable con-
vergence between the numerical and the experimental data is
achieved for the strains not exceeding 0.2. For larger strains, mate-
rial ‘‘softening’’ occurs (which may be caused by saturation of the
phase transformation process and evolution of micro-damage)
and the model does not reﬂect this feature. The authors believe
that the application of small strains approach below the strain lim-
it of 0.2 yields acceptable results for the problem under consider-
ation. As shown by Sitko et al. (2010), the relative error
measured w.r.t. stress (numerical versus experimental) is of the or-
der of 5% for 316L stainless steel at the strain of 0.2.
The main aim of the paper consists in showing that the phase
transformation process may substantially accelerate the
shakedown process in the structures subjected to cyclic loads at
cryogenic temperatures. Therefore, the model has been validated
– amongst others – with respect to the available experimental data
for 304L samples subjected to cyclic loads, as indicated in Fig. 8. In
these tests the maximum strain range was of 2.36% and the numer-
ical results are qualitatively correct. Given the strain range, the
small strains approach is here fully satisfactory. In order to prove
the shakedown acceleration phenomenon it is in principle sufﬁ-
cient to analyze the results presented in Figs. 21 and 22. Here,
the accelerated shakedown is observed for increasing values of
the volume fraction of martensite (n = 0.3,0.5) and the strain range
in the higher cycles remains around or below 0.05. Moreover, the
plastic strains of the order of 0.2 are mostly obtained in two cases:
for the analysis without phase transformation (n = 0) and for the
ﬁrst cycle (n = 1) with the phase transformation included. Both
cases are secondary from the point of view of the main aim of
the paper. Accelerated shakedown is clearly observed in all the
cases with phase transformation (n > 0) and for the strain range
remaining around or lower than 0.05 (n > 1), which fully corre-
sponds to the notion of small strains. In other words, it is not nec-
essary to go beyond the strain of 0.05 in order to conﬁrm the main
hypothesis of the present paper.
The solutions obtained have very practical meaning. Namely,
functionally graded structural members in the form of reinforced
rods and beams have been obtained. The structural members were
composed of several layers: the elastic core, the plastic layer and
the a0 reinforced layer located at the surface of rod or beam. Such
functionally graded structural members can be applied both at
room and at low temperatures. They are characterised by much
better stability and resistance against mechanical damage. It is
worth pointing out, that the technology of obtaining such function-
ally graded structural members is relatively simple.
The structural members were subjected to cyclic loads and to
combined loads (non-proportional loading paths) in order to eval-
uate their response. One of the most important features consists in
the fact that an accelerated shakedown is observed due to the
phase transformation process. It results from the structural evolu-
tion of two-phase continuum, where the elastic–plastic matrix is
gradually replaced by the elastic inclusions. In the limit case,
where 100% of primary phase has been replaced by the secondary
634 M. Sitko, B. Skoczen´ / International Journal of Solids and Structures 49 (2012) 613–634phase, the material becomes purely elastic and the shakedown oc-
curs by deﬁnition. This important and new conclusion has very
practical meaning. As soon as the c  a0 phase transformation be-
gins, the evolution of material structure accelerates the process
of adaptation of structural member to cyclic loads and enhances
therefore its fatigue life when compared to classical elastic–plastic
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